Abstract. Using Altmann-Hausen-Süß description of T-varieties via divisorial fans and Kóvacs-Schwede-Smith characterization of Du Bois singularities we prove that any rational T-variety of complexity one which is CohenMacaulay and Du Bois has rational singularities. In higher complexity, we prove an analogous result in the case where the Chow quotient of the T-variety has Picard rank one and trivial geometric genus.
Introduction
We study the singularities of T-varieties, i.e. normal algebraic varieties endowed with an effective action of an algebraic torus T = (K * ) k , where K is an algebraically closed field of characteristic zero. Given a T-variety X we define its complexity to be dim(X) − dim(T). T-varieties of complexity zero are called toric varieties and they admit a well-known combinatorial description in term of fans of polyhedral cones [9, 11] . Such combinatorial description can be generalized to higher complexity. The complexity one case was considered in [10, 11, 22] . Altmann, Hausen and Süß generalize this combinatorial description for arbitrary complexity using the language of polyhedral divisors and divisorial fans on normal projective algebraic varieties [4, 5] . We will use the language of polyhedral divisors in this paper. In this context, an affine T-variety X is determined by a pair (Y, D), where Y is the Chow quotient for the T-action on X and D is a p-divisor on Y , i.e., a formal finite sum of prime divisors on Y whose coefficients are convex polyhedra. Recall that the Chow quotient of X by the action of T is the closure of the set of general T-orbit closures seen as points in the Chow variety (see Section 1 for the details). Using toric resolution of singularities is it possible to prove that every normal toric variety X has log terminal singularities [9, Proposition 11.4.24] . Therefore, normal toric varieties have rational singularities and then are Cohen-Macaulay and Du Bois, see [12] . However, in higher complexity none of this statements is true if we do not impose conditions on the defining combinatorial data. For instance, a simple computation shows that the affine cone X C over a plane curve C of genus g is a normal T-surface of complexity one which is log canonical if and only if g equals 0 or 1. Furthermore, in the case that C is a curve of genus g ≥ 1, the singularity at the vertex is not rational [18] and so by virtue of [13] , X is an example of a T-variety of complexity one which is Cohen-Macaulay and Du Bois but has a singularity which is not rational.
Therefore it is worthwhile to study characterizations of this kind of singularities for T-varieties of higher complexity in terms of the defining p-divisor. There are such characterizations of rational singularities and Q-Gorenstein singularities and partial characterizations of Cohen-Macaulayness in terms of the defining p-divisors (see [18] ). In the case of positive characteristic, there are also characterizations of F -split and F -regular T-varieties of complexity one in terms of p-divisors (see [3] ).
Cohen-Macaulay singularities are the most natural singularities which have the same cohomological behavior than smooth varieties, for instance vanishing theorems still hold for varieties with Cohen-Macaulay singularities (see [12] ). Du Bois singularities also play an important role in algebraic geometry since these are the singularities appearing in the minimal model program and moduli theory (see [16, 20] ). In this article, we study T-varieties with Cohen-Macaulay and Du Bois singularities.
We will restrict our attention to a certain class of T-varieties having a nice resolution of the rational map into the Chow quotient. Let X be a T-variety having Chow quotient Y and let r : X Y be the rational quotient map. We say that X has a rational resolution of the Chow quotient if the normalization of the closure of the graph of r has rational singularities. Remark that in this case Y also has rational singularities by [8] , but X may have worst singularities.
Using Kovács-Schwede-Smith characterization of Du Bois singularities [15, Theorem 1] we prove the following result: Theorem 1. Let X be a T-variety having a rational resolution of the Chow quotient. If the Chow quotient Y has Picard rank one and p g (Y ) = 0, then X is Cohen-Macaulay and Du Bois if and only if X has rational singularities.
Rational T-varieties of complexity one are a very natural generalization of toric varieties and have been extensively studied from the point of view of topology, singularities, Cox rings, and automorphisms, among others, see [6, 7, 17] . The previous theorem holds for example in this case. Indeed, all T-varieties of complexity one have a rational resolution of the Chow quotient [11, Chapter 4] and the Chow quotient of a rational T-variety of complexity one is an open set of P 1 . Thus, we obtain the following result Corollary 1. Let X be a rational T-variety of complexity one. Then X is CohenMacaulay and Du Bois if and only if X has rational singularities.
Let us remark that none of the conditions of Theorem 1 can be weakened, and we devote Section 5 to give examples in any dimension in which the statement of the theorem fails when we weaken any of the hypothesis. Moreover, in Section 5 we give a characterization of complexity one T-varieties which are log canonical but not Cohen-Macaulay.
The paper is organized as follows: in Section 1 we introduce the basic notation of T-varieties via p-divisors and in Section 2 we introduce the classes singularities needed in the article. In Section 3 we prove show some preliminary results and in Section 4 we prove Theorem 1. Section 5 is devoted to give examples showing that the theorem fails generically if we weaken any of the hypothesis. In particular, in this section, we give examples in any dimension of rational T-varieties of complexity one which are Du Bois and not Cohen-Macaulay and vice versa.
T-Varieties via polyhedral divisors
We work over an algebraically closed field K of characteristic zero. In this section, we briefly introduce the language of p-divisors introduced in [4] and [5] . We begin by recalling the definition of polyhedral divisors, p-divisors and their connection with affine T-varieties.
Let N be a finitely generated free abelian group of rank k and denote by M its dual. We also let N Q and M Q be the corresponding Q-vector spaces obtained by tensoring N and M with Q over Z, respectively. We denote by T := Spec(K[M ]) the k-dimensional algebraic torus. Given a polyhedron ∆ ⊂ N Q we will denote its recession cone by rec(∆) :
where + denotes the Minkowski sum, which is defined by
Given a pointed polyhedral cone σ ⊂ N Q we can define a semigroup with underlying set Pol Q (N, σ) := {∆ ⊂ N Q | ∆ is a polyhedron with rec(∆) = σ} and addition being the Minkowski sum. The neutral element in the semigroup is the cone σ. The elements in Pol Q (N, σ) are called σ-polyhedra. In what follows we consider the semigroup Pol + Q (N, σ) which is the extension of the above semigroup obtained by including the element ∅ which is an absorbing element with respect to the addition, meaning that:
Given a normal projective variety Y we denote by CaDiv ≥0 (Y ) the semigroup of effective Cartier divisors on Y . We define a polyhedral divisor on (Y, N ) with recession cone σ to be an element of the semigroup
Observe that any polyhedral divisor can be written as
where the sum runs over prime divisors of Y , the coefficients ∆ Z are either σ-polyhedra or the empty set and all but finitely many ∆ Z are the neutral element 
where by abuse of notation we denote by D both the polyhedral divisor and the homomorphism of semigroups. Observe that this homomorphism is well-defined since all the polyhedra ∆ Z have recession cone σ(D) and then the minimum appearing in the definition always exists. Moreover, for any u ∈ σ ∨ we have that 
Regard that A(D) is indeed a sheaf of O loc(D) -algebras since the inequality
holds for every u, u ′ ∈ σ ∨ by convexity of the polyhedral coefficient. We denote by X(D) the relative spectrum of A(D) and by X(D) the spectrum of the ring of global sections, both X(D) and X(D) comes with a T-action induced by the M -grading. The main theorem of [4] states that every n-dimensional normal affine variety X with an effective action of a k-dimensional torus T is T-equivariantly isomorphic to X(D) for some p-divisor D on (Y, N ), where Y is a projective normal variety of dimension n − k and rank(N ) = k. In this situation we have to natural morphisms
where π is the good quotient induced by the inclusion of sheaves
and r is the T-equivariant birational map induced by taking global sections of A(D). Moreover, every affine T-variety can be recovered from a p-divisor on the Chow quotient by the T-action (see [4, Definition 8.7] ). For the proof of our main theorem, we need the following intrinsic description of X(D) in the case where the p-divisor D lies on the Chow quotient, see [23] for the proof.
is canonically isomorphic to the normalization of the closure of the graph of the quotient rational map X Y .
Singularities of normal varieties
In this section, we define the main classes of singularities that we will study and we recall the inclusions between these classes. We will proceed by introducing the smaller classes of singularities first to then move to the wider ones.
Definition 2.1. Let X be a Q-Gorenstein normal algebraic variety and φ : Y → X be a log resolution, i.e. a resolution such that the exceptional locus with reduced scheme structure is purely divisorial and simple normal crossing. Then we can write
where E i are pairwise different exceptional divisors over X. We say that X is log terminal (resp. log canonical) if a i > −1 (resp. a i ≥ −1) for every i ∈ I.
Definition 2.2. Let X be a normal algebraic variety and let φ : Y → X be any resolution of singularities of X. We say that X has rational singularities if the higher direct image sheaves
Log terminal singularities are rational [12, Theorem 5.22] but in general log canonical singularities are not rational. Indeed, let X to be the affine cone over a planar elliptic curve C in P 2 . We can produce a log resolution φ : Y → X with only one exceptional divisor E such that K Y = φ * (K X ) − E, so X is log canonical but the stalk of R 1 φ * O X at the vertex of the cone is isomorphic to H 1 (C, O C ) ≃ K which is non trivial and so X is not rational. Definition 2.3. We say that a commutative local Noetherian ring R is CohenMacaulay if its depth is equal to its dimension. An algebraic variety X is CohenMacaulay if the local ring O X,x is a Cohen-Macaulay for all x ∈ X.
It is known that rational singularities in characteristic zero are Cohen-Macaulay (see, e.g., [12, Theorem 5.10]), however there are many examples of log canonical singularities which are not Cohen-Macaulay. We will construct a family of Tvarieties of complexity two with such property in Section 5.
We will use the following characterization of Du Bois singularities which are Cohen-Macaulay due to Kóvacs-Schwede-Smith.
Theorem 2.4 ([15, Theorem 1])
. Let X be a normal Cohen-Macaulay algebraic variety, let φ : Y → X be a log resolution and denote by E the exceptional divisor of φ with reduced scheme structure. Then X has Du Bois singularities if and only if we have an isomorphism of sheaves
There is an analogous characterization of rational singularities in terms of canonical sheaves: a Cohen-Macaulay normal algebraic variety X has rational singularities if and only if the natural inclusion of sheaves φ * ω Y ֒→ ω X is an isomorphism, where φ : Y → X is a resolution of singularities [11] . From Theorem 2.4 and this characterization of rational singularities it follows that rational singularities are Du Bois. Indeed, by [15, Lemma 3.14] we have two natural injections φ * ω Y ֒→ φ * ω Y (E) ֒→ ω X , and Theorem 2.4 states that X is Du Bois whenever the inclusion of sheaves φ * ω Y (E) ֒→ ω X is an isomorphism. Moreover, it is known that log canonical singularities are Du Bois [13] .
It is known that toric singularities are log terminal [9, Proposition 11.4.24] and therefore they belong to all the above classes of singularities. In higher complexity the situation becomes more complicated: rational singularities can be characterized in terms of divisorial fans [18, Theorem 3.4] , but there are not complete characterizations for the other classes of singularities defined above. Partial characterizations of Cohen-Macaulay and log terminal singularities with torus action are given in [18] .
Remark 2.5. The above definitions are independent of the chosen resolution (or log resolution) of the normal variety X. By [2] we may assume that the resolution of singularities is T-equivariant.
Preliminary results
In this section, we collect all the ingredients we need for the proof of our main theorem. Some are borrowed from the literature on T-varieties while some other are proven here.
T-invariant divisors.
We recall the description of the T-invariant prime divisors of the T-varieties X(D) and X(D) following [19, Proposition 3.13] . Let D be a p-divisor on (Y, N ), where Y is a normal algebraic variety, then any fiber of the good quotient π over a point of Y which is not contained in supp(D) is T-equivariantly isomorphic to the toric variety X(σ(D)), therefore the T-variety X(D) admits an open subset which is isomorphic to the product
An horizontal T-divisor is a T-invariant divisor of X(D) which dominates Y , these divisors are in one to one correspondence with the rays ρ of the cone σ(D) and they can be realized as the closure in X(D) of the subvariety V (ρ) × (Y − supp(D)), where V (ρ) is the toric invariant divisor of X(σ(D)) corresponding to the ray ρ of σ(D). On the other hand, we define a vertical T-divisor to be a T-invariant divisor of X(D) which does not dominate Y , these divisors are in one-to-one correspondence with pairs (Z, v) where Z is a prime divisor of Y and v is a vertex of the polyhedron ∆ Z . We often write V(∆ Z ) for the set of vertices of the polyhedron ∆ Z . Any Tinvariant divisor of X(D) is either horizontal or vertical. Now we turn to describe the horizontal and vertical T-divisors which are not contained in the exceptional locus of the morphism r : X(D) → X(D). We say that a ray ρ of σ(D) is a big ray if the Q-divisor D(u) is big for every u ∈ relint(σ ∨ ∩ ρ ⊥ ), the corresponding horizontal T-divisor will be called big as well. Given a prime divisor Z ⊂ Y and a vertex v ∈ ∆ Z we say that v is a big vertex if the Q-divisor D(u)| Z is a big divisor for every u in the interior of the normal cone
As before, we say that the corresponding vertical T-divisor is big. Then we can say that the codimension one exceptional set of r is the union of all the T-divisors which are not big.
Finally we turn to introduce some notation for the horizontal and vertical Tdivisors on X(D) and X(D)
3.2. T-orbit decomposition. Now we turn to describe the T-orbits of the Tvarieties X(D) and X(D) following [4, Section 10] . In order to do so, we begin by defining the toric bouquet associated to a polytope ∆ ⊂ N Q .
Definition 3.1. Given a σ-polyhedron ∆ ⊂ N Q we denote by N (∆) the normal fan of ∆, which is the fan in M Q with support σ ∨ and whose cones corresponds to linearity regions of the function min ∆, − : σ ∨ → Q. Observe that the cones of N (∆) are in one-to-one dimension-reversing correspondence with the faces of ∆. Given a face F of ∆, we will denote by N (F ) the corresponding cone of N (∆). We define the toric bouquet of ∆ to be
Given a point y ∈ Y , we define the fiber polyhedron to be
In the previous section we stated that the fiber π −1 (y) over a point y ∈ Y which is not contained in the support of D is T-equivariantly isomorphic to the toric variety X(σ(D)), in general the special fibers of π are not irreducible, but they can still be interpreted as toric bouquets as follows. Given a point y ∈ supp(D), the fiber π −1 (y) is T-equivariantly isomorphic to the toric bouquet X(∆ y ). Therefore, we have a dimension-reversing bijection between between the orbits of π −1 (y) and the faces of ∆ y . Thus, the orbits of X(D) are in one-to-one dimension-reversing correspondence with the pairs (y, F ) where y ∈ Y and F is a face of ∆ y .
Finally, we describe the T-orbits of X(D) which are identified by the contraction morphism r. Given an element u ∈ σ(D) ∨ ∩ M we have an induced morphism
From [4, Theorem 10.1] we know that two orbits of X(D) corresponding to the pairs (y, F ) and (y ′ , F ′ ) are identified via the T-equivariant contraction r if and only if
Observe that in the case that Y is P 1 , then either φ u is an isomorphism or is the constant morphism, depending whether the divisor D(nu) has positive or trivial degree, respectively. 
Observe that the field of rational functions of X(D) and the field of rational functions of X(D) are isomorphic to the fraction field of K(Y )[M ], so any quasihomogeneous rational function of X(D) or X(D) can be written as f χ u where u ∈ M and f ∈ K(Y ). By [19, Proposition 3.14] we know that the principal divisor associated to f χ u on X(D) is given by
and the associated principal divisor on X(D) is given by We denote by (D) the integer points of the polyhedron defined by
Therefore, we have that
and
and the canonical divisor of X(D) as
Proof of the main theorem
In the following lemma, we prove Theorem 1 in the particular case of a 1-dimensional torus action, i.e., in the case where N = Z. 
Moreover, since X(D) has rational singularities the proof of [18, Theorem 3.3] applies to our situation. Indeed, in [18, Theorem 3.3 ] the SNC hypotesis is only required to ensure that X(D) has rational singularities which is given in our case. We deduce then that X(D) has rational singularities if and only if
We are assuming that p g (Y ) = h 0 (K Y ) = 0, so it is enough to prove equality (4.1) for u > 0, which is equivalent, by Serre duality, to prove that
Let W → X(D) be a T-equivariant log resolution of X(D) which factors through X(D) giving an isomorphism from an open set of W to the smooth locus of X(D).
Since the general fiber of the morphism π : X(D) → Y is smooth, we have that W → X(D) does not contract horizontal divisors over Y . Indeed, we can find an open set of U Y , such that π −1 (U ) is smooth, and then in order to resolve X(D) it suffices to blow-up points over the complement of U . Therefore, we conclude that W contains a unique T-invariant horizontal divisor D ρ , and we can use Section 3.4 to see that such divisor appears with coefficient zero in K W + E, where E is the exceptional divisor of the log resolution W → X(D), with reduced scheme structure. Using the formula for div(f χ u ) in Section 3.3 we conclude that any global section f χ u of the sheaf defined by K W + E has u ≥ 0. By [15, Theorem 1.1] we have that the canonical inclusion f * ω X(D) (E) ֒→ ω X(D) is an isomorphism and then both sheaves have the same global sections. The injection is given by
and since we know that this injection is indeed surjective we conclude that
So, it is enough to prove that
Observe that in this case we can use the formula in Section 3.3 for ψ K X(D) (−u) to write
concluding the proof. N ) . Then using the orbit decomposition we see that
Proof of Theorem 1. Since the statement is local on X, it is enough to prove it on an affine chart. By [21] , we can cover X by T-invariant affine charts and by [4 3. In what follows we will assume that D has complete locus, and we will denote by n the dimension of Y . We will proceed by induction on k, the dimension of the lattice N , being Lemma 4.1 the base case k = 1. From now we assume that k ≥ 2.
We claim that no vertical divisor is being contracted by the T-equivariant morphism r : X(D) → X(D). Indeed, pick some vertex v of ∆ Z for some subvariety Z ⊂ Y , then we have that the interior of the normal cone N (v) = N (∆ Z , v) lies inside the relative interior of σ(D)
∨ , therefore for any u ∈ N (v), the Q-divisor D(u) is ample, so its restriction D(u)| Z is ample on Z as well.
Since X(D) has rational singularities the proof of [18, Theorem 3.3] applies again to our situation. By the proof of [18, Theorem 3.3] for any resolution of singularities
Therefore, for any resolution f :
Using [14, Lemma 3.3] , it is enough to prove that there exists a closed subset Z ⊂ X(D) such that Z has dimension at most k − 2 and X(D) \ Z has rational singularities. In order to do so, we will prove that the image r(E) of the exceptional set E of r : X(D) → X(D) has dimension at most k − 1, and that there exists an open set of X(D) with rational singularities which intersects r(E) non-trivially.
Let D ρ be a prime exceptional divisor of r, meaning that ρ is not a big ray, then we have that for some u ∈ relint(σ ∨ ∩ ρ ⊥ ) the divisor D(u) is semiample but not big on Y . Therefore, D(u) is numerically trivial. Since we are assuming that Y has Picard rank one, then we conclude that Pic 0 (Y ) is torsion, so we have that some multiple of D(u) is linearly equivalent to O Y . Therefore the function φ u is the constant function, and we conclude from the T-orbit decomposition of X(D) that for any two points y and y ′ of Y not lying in supp(D), the orbits (y, ρ) and (y ′ , ρ) are identified by r, implying that r( D ρ ) has dimension at most k − 1. Let m ∈ Z ≥1 be such that mD(u) is principal and consider
is Cohen-Macaulay and DuBois, and therefore by the induction hypothesis we conclude that X(D ′ ) has rational singularities, so the open set X(D ′ ) × K * has rational singularities as well. Analogously for the other irreducible components of the exceptional divisor of r we conclude the claim.
To conclude this section, we rephrase Corollary 1 in terms of p-divisors. More precisely, by [18, Theorem 3.3] , we obtain the following combinatorial characterization of rational T-varieties of complexity one with Cohen-Macaulay and Du Bois singularities. 
Examples and corollaries
We devote this section to give examples in which the main theorem fails when we weaken the hypotheses. We also study rational T-varieties of complexity one which are log canonical and not Cohen-Macaulay. The hypothesis of Y having rational singularities is trivially necessary since we can take products of any Y with a toric variety in order to construct a T-variety with arbitrary singularities. We start by giving examples in which the theorem fails if we drop the p g (Y ) = 0 and Picard rank one conditions. Example 5.1. Consider a plane elliptic curve C and denote by X the cone over C, then X is a T-variety of dimension two and complexity one whose Chow quotient is C, which has rational singularities and one-dimensional Neron-Severi group, but p g (C) = 0. Clearly, X is Cohen-Macaulay and Du Bois, but the singularity at the vertex of X is not rational.
Example 5.2. Consider Y to be the blow-up of P 2 at one point p, let H the pull-back of an hyperplane of P 2 not containing p, and E the exceptional divisor. Observe that Y is smooth, has acyclic structure sheaf and Picard rank two. Let D be any p-divisor on (Y, Z), with locus Y \ supp(E + H) and recession cone isomorphic to Q ≥0 , then X = X(D) is a 3-fold which is Cohen-Macaulay and Du Bois but the singularity at the vertex is not rational. Indeed, in this case the birational contraction X(D) → X gives a resolution of singularities, where the exceptional divisor is isomorphic to C 2 − {p}, therefore the stalk of
is non-trivial at the vertex, which means that such singular point is not rational. Now we turn to give examples of rational complexity one T-varieties which are Cohen-Macaulay and not Du bois and vice versa. Since P 1 is smooth, has Picard rank one and acyclic structure sheaf, this examples will prove that both conditions Cohen-Macaulayness and Du Bois are necessary in Theorem 1.
In what follows, given a polytope ∆ ⊂ N Q , we denote by µ(∆) the number max{µ(v) | v ∈ V(∆)}. Recall that µ(v) is the smallest positive integer such that µ(v)v is a lattice point of N Q . 
Proof. Following the proof of [18, Theorem 4.9] we can see that X(D) is log canonical if and only if the divisor The following corollary shows that in order to produce an example of a rational complexity one T-variety with log canonical singularities that is not CohenMacaulay we need to consider a threefold. The singularities of K * -surfaces has been extensively studied (see for example [10] ).
Corollary 5.6. Any log canonical rational K * -surface has rational singularities.
Proof. Let X(D) be a log canonical rational K * -surface. We assume that D has complete locus and X(D) is not log terminal. If Y is zero dimensional, then X(D) is a toric variety and the result follows from the fact that toric singularities are rational, otherwise by the rationality of the K * -surface we conclude that Y = P 1 and N Q is one-dimensionl. Using the equation of [1, Section 5.2] that characterize p-divisors over curves, we conclude that we can write
for some rational numbers q 1 , . . . , q k . By Proposition 5.5, it suffices to check the three possible cases for (µ(q 1 ), . . . , µ(q k )), up to permutation. We will assume the first case, being the other two analogous. Thus, we can assume that µ(q 1 ) = · · · = µ(q 4 ) = 2 and q 5 , . . . , q k are integers, so we can write q i = n i + 1 2 for n i integers and 1 ≤ i ≤ 4. We have that
therefore ⌊deg(D(u))⌋ ≥ −1, for u ≥ 0, concluding the claim.
Now we turn to give examples, in any dimension greater or equal than 3, of rational T-varieties of complexity one that are log canonical and not Cohen-Macaulay. where e = k i=1 e i and conv denotes the convex hull. We will denote by q j , with j ∈ {1, . . . , k} the vertices of the polyhedron ∆ p1 , and by r j , with j ∈ {1, . . . , k}, the vertices of the polyhedron ∆ p3 . Recall that a polyhedral divisor D = ∆ pi = conv(2e 1 , . . . , 2e k ) + σ σ, therefore D is a p-divisor. We observe that X(D) is Q-Gorenstein, indeed we can write
where f is a rational function on P 1 , with poles on p 1 and p 2 of order one and zeros on p 3 and p 4 of order one. Here, we are choosing the representation K P 1 = −p 1 − p 2 for the canonical divisor of P 1 . Also, observe that the p-divisor D has no big rays (see Section 3.1), since the Chow quotient is a curve, so the contraction morphism X(D) → X(D) is contracting no vertical divisors, therefore the equality (5.2) is obtained from Section 3.4. We claim that we can use Proposition 5.5 to we conclude that X(D) is Q-Gorenstein and log canonical. Indeed, D has exactly four polyhedral coefficients with µ i = 2. Moreover, we can write
Moreover, X(D) is not Cohen-Macaulay since ⌊D(e 1 )⌋ = −2.
Finally we give an example in dimension 3, of rational T-varieties of complexity one that are Cohen-Macaulay and not Du Bois. By taking product with toric varieties this variety produces such examples in any dimension.
Example 5.8. Consider M Q ≃ Q 2 , with a canonical basis e 1 , e 2 and let σ = e 1 , e 2 . Choose r points p 1 , . . . , p r in P 1 and r elements q 1 , . . . , q r of N Q such that (q 1 + σ) · p i .
We claim that X D (q1,...,qr ) is Cohen-Macaulay. Ineed, observe that X D (q1,...,qr) has exactly one horizontal T-invariant prime divisor, since the birational contraction X D (q1,...,qr ) → X D (q1,...,qr ) contracts the T-invariant prime divisor corresponding to the ray e 2 , by the equality (5.3). Moreover, such T-invariant prime divisor is a normal K * -surface, and there exists a regular function that only vanishes along such divisor. Indeed, consider m ∈ Z ≥1 big enough such that mq 1 , . . . , mq r are integer numbers, then we can pick a rational function f which vanishes with order mq i,1 at the point p i , for each i ∈ {1, . . . , r}, where q i,1 is the value of the first coordinate of the point q i , with respect to the dual basis of e 1 , e 2 , therefore f χ e2 is such a regular function. Thus, we conclude that X = X (D (q1,...,qr) ) is CohenMacaulay, since div(f χ e2 ) is Cohen-Macaulay and its complement is smooth on X. From Theorem 1, we know that X (D (q1,...,qr ) ) is not Du Bois if and only if it does not have rational singularities, so it is enough to impose the condition r i=1 ⌊e 1 · q i ⌋ ≤ −2, to produce the desired example.
